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Answer all questions.
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(1) Prove that there exists no field extension F' of R such that [F' : R]
is odd.

(ii) Give an example of a field of order 16 which is a quotient of
La[x]. (5+5)

Let p be a prime number and a,b > 1. Prove that F,« can be em-
bedded into F,» (that is, is isomorphic to a subfield of ) if and
only if a/b. (10)

Suppose K|F' is a Galois extension and F'|F is any extension. Then
show that the compositum KF”’ of fields K and F’ is a Galois ex-

tension over F’, with Galois group isomorphic to a subgroup of
Gal(K|F). (10)

Let E|Q be a finite extension which contains no proper abelian ex-
tension of Q. Show that, if (,, is a primitive nth root of unity, then
Gal(E(()|F) = (Z/(n)* for all n > 1, or equivalently [E((y) :
E] = ¢(n), where ¢ denotes the Euler’s phi function. (10)

(i) Let K|F be a finite extension. Show that K is a simple exten-
sion of F' if and only if there exist only finitely many subfields of K
containing F'.

(ii) Hence deduce that if K|F is finite and separable, then K|F is
simple. (10+5)

(a) Define discriminant Dy of a polynomial f(x).

(b) Let char(F) # 2 and f(x) € F|z] be a separable cubic with
discriminant Dy. Show that if o is one root of f(x), then a splitting
field of f(x) over F is F(a,/Dy).

(c) Deduce that if f(z) is a reducible cubic then its splitting field
over F is F(/Dy).

(d) Give a counter example to show that the result does not hold

over a field of characteristic 2. (3+8+2+5)
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(7) Prove that a regular n-gon can be constructed by straightedge and
compass if and only if ¢(n) is a power of 2. (12)

(8) Define finite solvable groups.
Show that the polynomial f(z) can be solved by radicals if and only
if its Galois group is a solvable group. (3+12)



